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Abstract

The Path Integral Formulation of Quantum Field Theory offers as
an alternative a view of particle physics based upon the historical sum
of the amplitudes of time-ordered field operators. This description
provides a great deal of physically descriptive power and numerically
predictive for the heuristic description of the terms of the interactive
Lagrangian. In this paper we will adapt this formulation for curved
space, towards quantisation of particle interaction in the presence of a
gravitational field. Our study will offer insight and solutions into open-
ended problems in string theory and loop quantum gravity, including
both supersymmetric and non-SUSY approaches. We will consider
this study in terms of anomalies of the standard model and beyond
as a potential foundational approach for a semi-classical description
of gravitation and string theory, concluding with an optimistic view
towards a pure theory of quantum gravity.
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1 Introduction

Quantum Field Theory in curved space can be considered an approximation
of an, as of yet, incomplete theory of quantised gravity[7]. When considering
the minimal disturbance of a gravitational wave, g,,, separated off from
background spacetime, g;,,, in Einstein’s equations we have that:

G = g,iy + guu-

This approach is characterised as the “background field” method for the
beginning of a foundation of quantised gravity. Taking the Einstein-Hilbert
action and matter field action (22) we can expand around g,, and Gy
to extract the Feynman rules for a one-loop quantum process of the lowest
order. For this top level one-loop description we find that the quantisation
of background gravitational field g5, takes on an equally primitive necessity
as the quantisation of matter fields.

In terms of physics single closed loops correspond to infinite zero point
vacuum energy which is subtracted from calculation manually via normal or-
dering. In flat-space this artificial operation is trivial however in curved
fields the process of renormalisation is considerably more elaborate. In
QED renormalisation is dependent upon the dimensionless coupling con-
stant e?/hc, however gravitation depends upon G which has dimensionally
quadratic length units leading to an infinite sequence of divergent terms. The
expansion of these higher order terms in the powers of g, admit gravitons.
Hence, this perturbative gravitation results in an unrenormalisable theory.

We will develop the notion of quantum field theory in curved space be-
ginning with foundations in special relativity, constructing our machinery as
we go along. Eventually we will build to the conception of the path integral
formulation of QFT which we will then adapt for Einsteinian spacetime.



2 QFT in Flat Space

2.1 Klein-Gordon Equation

Classically, we may consider a real spin-0 bosonic scalar field ¢(t,x) to be
well-defined for all points (¢,x) in an n-dimensional Minkowski spacetime
with Lagrangian density, L£[¢(t,x), 0,¢(t, x)], for a mass field quantisation[29]:

L= (0:0)(0"0) — m6?). (1)

By integrating over the Lagrangian we find the action, S:

S - / L(z)drs, 2)

satisfying the variational principle, 0S5 = 0, with respect to ¢ — ¢+ d¢, from
which we can obtain the Klein-Gordon equation:

(O+m?)¢ = 0. (3)

where [0 = ¢"70,,0, is the D’Alembertian operator and ¢*” = diag(—1,1,1,1)
is the Minkowski metric tensor[7]. For a complex spin-0 scalar field with
¢ = @1+ iy and ¢* = ¢, — iy with symmetry transformations ¢ — e ¢
and ¢* — e*¢*, this Lagrangian density becomes:

L= (0:0)(ud") — m*¢¢", (4)
where similarly the Klein-Gordon equation holds for ¢ and ¢* such that:

(O+m*p=0, and (O+m?)¢" =0. (5)

2.2 Canonical Formulation

If we consider ¢ to be a field operator, we obtain the equal-time commutation
relations such that:



with canonically conjugate field momentum, 7:

oL
T = 90,0) = 0,0. (6)

Expanding ¢ along the field modes, u, and particle annihilation and creation
ladder operators, repectively a; and az, form a complete orthonormal basis
as:

o(t,x) = laru(t, x) + afup(t,x)]. (7)

From this we obtain the equivalent equal-time commutation relations for the
quantum states, spanning a Hilbert space in the Heisenberg picture[7]:

[ak, ap] = 0,

[aJlrc’ az’ ] =0,

[ak, GL] = Ok -

2.3 Mathematics of Path Integrals
2.3.1 The Propagator

Solving boundary value problems over finite intervals is the goal of calcu-
lating expectation values of field operators in vacuum, where the free field
commutator, G, is the Schwinger function and the anti-commutator, G, is
Hadamard’s elementary function[34]:

iG(z,2") = (0l[¢(), ¢(«)]]0)
= (Olg(x)o(2")[0) — (0o (z")¢(x)]0),
GW(x,2") = (0[{¢(x), o(a")}/0)
= (Olg(x)o(2)[0) + (0l (2")¢(x)]0). (8)

We define the Feynman propagator, G, as the time-ordered product of the
Wightman functions, G* and G, of these free fields:

iGp(r,2") = (0|T(p(z)p(2))|0)
(t —t") (0lp(x)(2")[0) + O(t" —t) (0] (") p()|0)
(t -G (x,2") + 0t — )G (z,2), (9)

0
0



where the Heaviside step function 6(¢t) = 1 for all £ > 0 and 6(t) = 0 for
all t < 0. For this propagator, we can use the n-dimensional solution of the
wave equation in the form of a Green’s function[8]. For a known initial state
up(x) we have that the process[37]:

u=u(t,x) = /_Oo G(t,x; ', x Yup(x') dx’. (10)

These functions take the form of a delta distribution, §(x —x’), when Fourier
transformed and integrated over, for which we may define our propagator as:

t X’ t/’ Z¢k —’Lk(t t)

1 eik(xfx’)fiko(tft’) d"k
= Gr(t,x;t'x') = / 11
p(t,x;t,x) (2 (k9)2 — k|2 — m? ) (11)

with simple poles at k° = #(|k|?> + m?)/2. In the complex scalar case this
Lorentzian function can be Euclideanised along the real number line to avoid

the poles in the complex plane via Wick rotation, with x = ik, 7 = —it,
and 7/ = —it’, to obtain the relationship|7]:
Gr(t,x;t\x') = —iGp(it,x;i7,X)
i / (em(r—f’) d/i) (eik(x—x') dn—lk) (12)
(2m)m 2+ |k + m? ’

satisfying the Klein-Gordon equation such that the product with the now
Euclidean Green Function gives:

(Og, — m*)Gp(z,2") = ="z —2'), (13)

where the D’Alembertian acting on n-dimensional Euclidean space is the

elliptic operator, Ug = (,)8_;2 + 'a(i?)z 4o+ a(#:)%

2.3.2 Path Integral Quantisation

By our canonical formalism, we have the commutative relationship:

[0(2), ¢(2)] = iG(z, '), (14)

which also holds for the particle creation and annihilation operators, owing
to the equivalency between covariant and canonical formalisms in globally
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hyperbolic spacetime[7]. However, if we wish to consider the fundamental
action of a quantised field it necessitates an alternative approach. For this, we
consider the fundamental object of the theory of path integrals, the functional
Z, which for a conserved current, J,,, of a measured scalar field, ¢, in vacuum
takes the form:

Z[J] _ out<0’0>in _ /D[¢]6i5[¢]+ifd”:cJ(:v)¢(x) (15>

such that Z[0] = (0|0) = 1 is normalised to unity[27]. If we take the discre-
tised variant of our Lagrangian action as a function of the free field ¢ in
our Lagrangian density , while integrating by parts, the action becomes:

Slo] = [ e |0+~ ie)g] (16)

which redefines our functional as:
2101 = =5 [ aryo@)(O, +m = 08w — o) + [ ot d's
=5 [y ol Kaot) + [ J@ow s (17)

where the symmetric operator, K,, = (O, + m? — ie) = —G5'(z,y), is the
Feynman kernel as the inverse of the propagator, well-defined across all paths
of D[¢], the functional integral[3]. This functional can be further expressed
as the numerical quantity of a Gaussian type, proportional to product of the
fractional Jacobian of the kernel by the action of the current:

Z[J] o ez (=Cr)gmg [ dmed"y I @)Gr(zy)I(y) (18)



3 QFT in Curved Space

3.1 Einsteinian Spacetime Action

General Relativity has been mathematically formalised by many authors in
the years since its foundation in the early 20th century[25]. The foundation
of our interest in curved space path integrals rests upon the Wick-rotated
Euclidean Einstein-Hilbert action in vacuum[19)]:

ct ct

Selgl = ~15-a /M 'z \/g(R —2A) — — al. d*zVhEK.  (19)

The first integral covers a region M on a 4-dimensional spacetime manifold
with g = det g"” for basis tensors e#®ée” such that g"¥ = e*-€”. The second
corresponds to its space-like boundary dM with h = det h,, which is the
3-dimensional metric corresponding to the velocity on the boundary such
that[24]:

huu = Guv + nunua (20)

where g,, # g" (generally speaking) and n,, is the unit normal to ), with
n,nt = —1. K is the ‘second fundamental form’ or ‘extrinsic curvature’ of
the purely spatial symmetric tensor associated with the ‘velocity’ of h,,:

1
Ky = 1fVym, = 5 Lalus, (21)

where n denotes the unit normal vector field and K, n* = K,,n” = 0, with
TrK, = K:= KM“ = h*K,, = 0. To find the complete matter equation
we must also consider the action of non-vacuum matter fields given by the
‘matter field action’[10]:

1

2 / d'z /919" (0.:9)(0v0) = V(9)], (22)

from which we derive the equation of motion:

Sm

06— 35 =0 (23)

We vary the matter action with respect to the variation in the metric to
obtain the ‘source’ of the gravitational field, the energy-momentum tensor:

2 05y

ny = _ﬁégja (24)



from which the variation of Sg + Sy recovers the complete Einstein field
equation[19]:
1 8rG
G/,w - R;w - §g,u,uR - 7T,u1/ - Ag;wu (25>
which describes the reaction of the curvature of spacetime to the presence of
matter’s energy-momentum where[10]:

T(®) — __2 05
- V=g og"
1
= (8u¢) <8u¢) - §guz/gpg(ap¢) (8Ugb) - guvv(¢)~ (26>

3.2 Conformal Field Theory

For a coordinate-invariant field theory in curved space we must introduce a
curvature invariant Lagrangian density with respect to a scalar field, ¢[10]:

£ == (0,00, — et — ¢et) @

(n—2)
A(n—1)>
minimal interactive coupling with £ = 0 , and ¢ = % in 4-dimensions. We
may now define our curved space canonical momentum operator @ as:

T = \/—g0,0, (28)

with our canonical commutation relations becoming:

where the conformal coupling, £(n) = is dimensionless, taking on a

For a non-vanishing spacetime dependent function, w(z), we define a con-
formal transformation as a local change of scale measured by the metric
element:

ds’ = w?(z)ds?. (29)



We make special note of the fact that null curves are left-invariant by con-
formal transformations, such that in our metric:

dzt dz¥ dzt dx¥

~ s 2 or 8t
I 0 W () G a0 (30)

where g, = w?(2)g,,, from which we obtain the D’Alembertian of ¢ as[7]:
06 = w06 — (n = 2)5"w(0a)(950).
06 = w°0¢ + (n — 2)g™w ™ (0aw)(959), (31)
leading to the scalar field equation of motion:
[0, 4+ m® + ER(z)] ¢(x) =0, (32)

with complex solutions on the inner product for a space-like hypermanifold
¥ on v;; = —gxn(z), the induced metric[32]:

(61, 62) = —i /E (610,65 — 620,67 /7 A, (33)

for the unit normal n*. For orthonormal conjugate modes f;(z”) and g;(z"),
we may expand the fields in terms of annihilation and creation operators as:

¢ = Z (dz‘fz‘ + dei*> = Z (Bigi + BIQ;) : (34)
from which we derive the so-called Bogolubov transformation matrices[L1]:

g =Y (cf; + Byf;), and fi=2 " (ai9; + Bjig}), (35)

J J

where a;; = (gi, f;) and Bi; = —(gs, f;). We may then define these particle
intraoperational mode transformations as:

a; = Z (Oéjil;j + 5;2'5;)7 and  b; = Z (O‘;}&j B B;jd;)' (36)

J J

Finally, the geodesic distance will vanish at null-separated points on a Lorentzian
manifold such that:

oc(z,2') =lim (o(z,2') + 2ie(t — t') + €°), (37)

e—0
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with a two-point function, G(x,z") = (¥|o(z)p(x’)|y), for a field, ¢, and
quantum state, v, defined as:

Uz, z')

2
4o,

GO (z,2') = +V(z,2)lno. + W(z,2), (38)

for regularised Hadamard state functions U, V, and W.

3.3 Path Integrals in Curved Space

Beginning with the Euclidean time classical action for fields ## with arbitrary
transition amplitudes, A, we have that[4]:

tr 1 dx* dx¥ dxt
S = dt | =g (x)— A — 4V . 39
[t oG a0 G ve|. @)
Rescaling the classical action in terms of ghost fields, a*, b*, and ¢, and
counter-term, Vpgr, for a time parameter —1 < 7 < 0 we may obtain the
complete action in (D + 1)-dimensions as[6]:

dzt

0 v
S = /_1 qP+i- {%gm/(w) <Cili:cilx7' + ata’ + b"c’/) + Z/BA,LL(J:)E 4 52 ((V(:j) i VDR(x))} ’
40

for the total propagation time, 5. Expanding all of the quantum ghost fields,
including an additional quantised field, ¢, we can define the total scalar field
as ¢H(1) = > 7| ¢l Sinmpr, where the functional across all paths is defined
as the coefficient space of Fourier transformations such that we have the path
integral:

<a:},tf|:rg\, ti) = / Dq Da Db De e 55 (41)
BC
at(7) = w2y (7) + ¢*(7) (42)
0o [
= Dq Da Db De = A [ [ [] Addf daf b} def, (43)
A=1p=1

where a:ﬁg is a background trajectory, and A is an arbitrary amplitude, often

defined as the Feynman measure with A = (273) /2.
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3.4 Semi-Classical Theory of Gravity

In the early development of quantum mechanics it was often necessary to
consider the electromagnetic field as a classical background embedding for
the quantisation of matter. Analogously, this logic may be applied in pursuit
of a theory of quantum gravity: in which a semi-classical description is given
by quantising matter fields over the backdrop of a classical gravitational
field[7].

This “half-classical” and “half-quantised” point-of-view is most often rep-
resented as a continuous gravitational field coupled to a discretised matter

field as[35]:

(G
G = o (T (44)

however this theory suffers from serious drawbacks and limitations, some of
which are mitigated if the fluctuations in the energy-momentum stress tensor
are very small such in the case that:

(Tap ()T () = (T () Tap(y)) - (45)

If we consider a linearised perturbation of curved (but nearly flat) space-
time as a metric fluctuation, we obtain the retarded Euclidean time Green’s
function as the expectation value of the quantum eigenstate:

(Gre(, 7)) = o -t) /_ " da eiomo— e (o). (46)

2
8T o

where o = oo + 01 + O(hZ,) is the squared separation in the presence of
the perturbation. This integral converges only in the case that (¢7) > 0, in
which case the Hadamard function is defined as[15]:

1 /1 I
(@) == (5) = =gz [, daSimaco TH7ED, o)
where in the time-like limit, 0 > (07), we have (GW(z,2')) ~ _#0_107 and
in the light-like limit, 02 < (0}), we have that <G(1)($;$/)> ~ —gT 18

finite. Likewise, the Feynman propagator is also finite in the light-like limit
such that[11]:

Gl ') = 3 [Graa(r,2") + Grale!, )] — GO '), (48)

12



4 Gravitational Anomalies

Anomalies are quantum effects which break gauge symmetries associated
with the motion equations of classical physics[21]. The final section of our
paper is concerned with anomalies associated with gravitational effects in a
variety of contexts, with an emphasis on anomalies due to loops with tensor
fields coupled to external gravity[6].

4.1 Spin 2 Particles

A graviton field can be described as an irreducible representation of linearised
perturbations upon a classical spacetime background[7]. For a massive spin-2
field with five polarisations comprised of two transverse and three longitudi-
nal components transform the canonical momentum as m, = WZ + Wﬁ with

a,m,{ = 0. From this, we obtain the Lagrangian density[29]:
1 1 1 5.9 9
£ = Sy Ohyy = hwd,Dahue + hduy i — ShOh + Sm?(h, — B%), - (49)

. . T . .
for some symmetric tensor Ay, = h,,+0,m,+0,7,, which we may parametrise
in terms of £“ as:

h;u/ — h,uz/ + 8}151/ + augu + <8u€a)ha1/ + (auga)hua + gaaah;w- (5())

4.2 Examples of Anomalies
4.2.1 Chiral Anomaly For Gravity in (4k + ¢)-Dimensions

For a massless Dirac fermion, A\, we may define the Lagrangian in n Euclidean
dimensions as[15]:

L= —elely" D), (51)
with A = Aiy?, e = det ey, and DA = 9\ + TWup(€)y’yP. If one defines
the path integral as:

Zlet] = / DADXe” [ 4"7E, (52)

then the chiral anomaly cases a breakdown of the gauge symmetry for the
effective action under A4, = 0J,a such that an anomaly is generated by

13



the regulated Jacobian, Tr J, given by infinitesimal chiral transformation
J = iav’[6]:

An = lim Tr Je 7%, (53)
£—0
where R = —%gilﬁg_i = —%giD#\/ﬁg’“’Dyg_% — éR. Under covariant
transformation in response to the effective action I' we find an anomaly:
Ancoy(§) = deov(§)T]e,] = —/dxef”(DuTy"), (54)
1_ 4T

where T} = is the effective energy-momentum tensor. This stress

€ de ¥ (x)
tensor diverges under covariant transformation.
4.2.2 Cancellation of Anomalies in I1IB Supergravity

The gravitational anomalies for complex chiral spin—%, chiral Spin—%, and an
anti-symmetric tensor fields are found to be[6]:

R/4
An . = e%ln S — 55
(8, spin-3) / Sinh R /4 (5)

; R/4
An . = Tref/2 — 1 eéln . 56
(&, spin-3) / | ] Sinh 2/4 (56)
1 [ s R/4

A -~ [ eoln |—L— |, 57
e AT T TR / Tanh /4 (57)

If we simplify the notation by the introduction of " in the expansion of the
trigonometric series, we have:

An% = e_%Tr In (1+$y2+éy4+...) (58>

Ang = [Tr (142524 29+ yf + ) [ Any (59)
: 3 45 2

A = _ée_ﬁr I (1= ) (60)

such that An% — An% + Anar = 0 for all sixth order terms in R with n = 10.
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5 Conclusion

We have seen that the application of path integrals to perturbative gravi-
tational problems yields very interesting and utile results. However, due to
high order terms we find many of these approaches to be divergent, pro-
ducing non-renormalisable theories. While some anomalies are correctable
through the application of supergravity, there remains a great deal of inter-
est in studying non-perturbative gravitational theories based upon the notion
of discretised lattice-oriented spacetime geometries[22].

For a Euclidean path integral with Einstein-Hilbert action in a lattice
gauge we consider the functional[19]:

/Dg ¢'3Elgur] (61)

where the action is unbounded under metric conformal transformation:

C4

4
gl = — 4 2 p 4y € 3 2
Sg[g] e /Md z+/g(w*R + 6w,w,g 2Aw™) e aMd zVho?K,
(62)

leading to a divergence in large scale gradients of w?. However, this so-called
conformal factor problem has been argued to be cancellable by the divergence
of a similar, but opposite signed, term in the measure of the path integral.
For this reason, we may redefine our functional as a summation of discrete
spacetime geometries:

Z — Z —e (63)

where S(T') is the discretised Regge action over sub-geometries T'. This leads
to a view of spacetime as a history of piecewise discrete topologies[23]. This
approach leads to a computational model of quantised gravity that is both
background independent and completely renormalisable[T].

Regardless, the path integral approach feels intuitively and theoretically
viable for the production of quantised gravitational models across a variety of
physical worldviews. We hope that you have developed somewhat of a taste
for the functional approach to Lagrangian dynamics in curved spacetime.
Perhaps with some additional effort it will be possible to produce an ulti-
mate union between the non-renormalisable perturbative and renormalisable
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non-perturbative approaches to quantum gravity in a manner befitting both
their theoretical elegance as distinct interpretations, and potential predictive
capacity as prototypical solutions to one of the oldest problems in the history
of modern physics: we are yet so close, but so far.
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